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Foreword
Unibo

m Thanks to Andrzej, Nils, and Yaroslav for the invitation!

m Feel free to interrupt me at any time.
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“-!I What are sequents? How are they useful?
Unibo

m Sequent: [ = A

m Proofs formalized as objects in
their own right

m Offers constructive and syntactic ™
approach to studying properties of
logics; e.g.

m Consistency
m Decidability
m Interpolation

m Fruitful approach to automated
reasoning; e.g.

m Complexity optimal decision
algorithms with witnesses

Gerhard Gentzen
(1945)
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“-!I A Prominent Desideratum: Analyticity
Unibo

“A proof is analytic if it does not go beyond its subject matter.”

Bernard Bolzano

Our Interpretation: A proof is analytic if it only contains
subformulae of the conclusion.
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“-!I A Jungle of Sequent Formalisms
Unibo

Rxy,Rxz,x : A=y :B,y: C ~

\v
A=G,[=B,[C=D.[E=F] %
A BFC,D,E \q
!
A
AFB|C.DFE| FF AN
g
Do >
\\(\'\/Z A,O{B,O{C,D}},O{E}
|-
A
/D
A 1 13 2 21 13

A, [B.C],[D,[E], [F]]
Et cetera. ..
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“-!I The Hierarchy of Sequents
Unibo

Structure

Gentzen Sequents| A, B+ C,D,E
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“-!I The Hierarchy of Sequents
Unibo

Q1 Reduce Sequent

Structure? N
. o] O \I
u
V4

Q2 Retain ‘Nice’

Properties?
X<—"y ——

m Invertible Rules
-Polytree \ \
m Admissible -
w

Rules u

. X—y—>2Z
m Syntactic Cut-
Elimination \ \
w u

Xy >z

Gentzen Sequents‘ ABFCD,E

Structure
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“-!I Quantified Modal Logics
Unibo

Language:

A:=R(x1,...,xn) | x=y | L|ADA|VxA| DA
Ex = Jy(x=y)
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“-!I Interpretations
Unibo

a, b, c denote objects in Dyy = J,,cyy{Dw} J

w I R(a) means a € V(R,w)
wl-a=b means a=b

wlF€&a means ac€ D,
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“-!I Interpretations
Unibo

a, b, c denote objects in Dyy = J,,cyy{Dw} J

w I R(a) means a € V(R,w)

wlFa=b means a=b

wlF€&a means ac€ D,

w |- VxA(x) means Va e D, wli- A(a)
wlFOA means Vv e W, if wRv, thenvIF A
Base Logic: QK = Set of valid formulae

Extensions: QK(A) = formulae valid on frames satisfying the

path and domain conditions in A (adding seriality).
11/39



M! Path axioms & Relational path conditions
Unibo

path axiom G(n, k): O"OA D OkA
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“-!I Path axioms & Relational path conditions
Unibo

path axiom G(n, k):  ©O"OA D> OKA ]

path condition: Yw, v, u(wR"v A wRFu > vRu) J

Seriality: Yw3u(wRu) Transitivity:
Reflexivity: Vw(wRw) Yw, u(wRu A uRv S uRv)
Symmetry: Euclideanity:
Vw, u(wRu D uRw) Vw, u(wRu A wRv D uRvV)
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Domain conditions

Unibo

How are D,, and D,
related?
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Domain conditions
Unibo

Varying Domains:
No condition imposed.
UIE: VxANEy D Aly/x)

w u
Increasing Domains:
How are D,, and D, Vw, u(wRu > Dy, C D)
related? CBF: OVxA D VxOA

Decreasing Domains:
Vw, u(wRu D D,, 2 D)
BF: VxOA D OVxA
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“-!I Nested Sequents
Unibo

Nested Sequents:
X1,...,Xg;A1,...,An:> Bl,...,Bk,[Sl],...,[Sm]

X P(x,y) = Q,[0:0 = 0,[y; 0 = IxR(X)]], [x, y: ©Q, =Q, = R(y)]

’x; P(x,y) = Q‘
w \
/ X,y;0Q,~Q,= R(y)
u 14
y; 0 = 3xR(x)
V4

15/39



“-!I Nested Sequents
Unibo

Nested Sequents:
X1y Xp3 AL, oo, Ap = Bl,...,Bk,[Sl],...,[Sm]

x; P(x,y) = Q,[0;0 = 0,[y; 0 = IxR(X)]],[x,y; OQ, = Q,= R(y)]

x; P(x, y)

/ X,y 0Q,—Q,= R(y)

v

y; 0 = 3xR(x)
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“-!I Nested Sequents
Unibo

Nested Sequents:
X1,...,Xg;A1,...,An:> Bl,...,Bk,[Sl],...,[Sm]

X, P(x,y) = Q,[0:0 = 0,[y: 0 = IxR(X)]], [x, y: ©Q, =Q, = R(y)]

x; P(x,y) = Q
w \
/ X,y;0Q,~Q,= R(y)
u 14
’y;@ = HxR(x)‘
V4
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“-!I Nested Sequents
Unibo

Nested Sequents:
X1,...,Xg;A1,...,An:> Bl,...,Bk,[Sl],...,[Sm]

X, P(x,y) = Q,[0:0 = 0,[y; 0 = IxR(X)]], [x, y;: ©Q, ~Q, = R(y)]

x; P(x,y) = Q

/ \
|

y; 0 = 3IxR(x)
z

%,¥:0Q,Q,= R(y)|
14
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“-!I Notation and Interpretation
Unibo

Notation:
m X = Multiset of Variables xq,...,xy
m [, A = Multiset of Formulas A1, ..., A,

m S = Nested Sequent
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“-!I Notation and Interpretation
Unibo

Notation:
m X = Multiset of Variables xq,...,xy
m [, A = Multiset of Formulas A1, ..., A,
m S = Nested Sequent

Interpretation:

tm(X;T = A [S1], -5 [Sm]) = Aex EXA Naer AD Veea BV Vicicm Ofn(S))

Deep rules:
S{X\ "= A"}y,
S{X;I = A},
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“-!I Nested Calculi: rules for propositional logic and =
Unibo

S{X.T.RX) = R(O.AF ™ sxir L= ay

S{X;T=AA}  S{X:T,B= A} S{X:T,A= B,A}
S{X;T.A> B= A} 2 S{X.;T= Ao B, A}

RD>
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“-!I Nested Calculi: rules for propositional logic and =
Unibo

S{X;x=x,I = A} S{X,x,yix=y,I = A}
S{IX;T = A} ¢ TSX o xx =y, T = A}
S{X;P(y/z),x =y,P(x/z),T = A}
S{X;x=y,P(x/z),l = A}
S{X;X:y’riA}{Y;X:y, M= A,}
S{X;x=y, T =AY, "= A}

Rep/x

Repl

Rig
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“-!I Quantifier (reachability) rules
Unibo

S{X,yiT = Aly/x), A}
S{X;T = VxA, A}

RY (y fresh)
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“-!I Quantifier (reachability) rules
Unibo

S{X,yiT = Aly/x), A}
S{X;T = VxA, A}

RY (y fresh)

S{X;T,VxA,A(z/x) = A} {Y,z; T = A’}
SIX:TVxA= DAY {Y, 20 = A},

Lv, (1)

Side condition (f) : v =w or
m If CBF € A then v is backward S4 U A-reachable from w.
m If BF € A then v is forward S4 U A-reachable from w.

m If Ul € A then no condition is imposed.
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“-!I Modal (propagation) rules
Unibo

S{X;T = A 0,0 = A}
S{X;IT = UA A}
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“-!I Modal (propagation) rules
Unibo

S{X;T = A,[0;0 = Al}
S{X;T = UA A}

S{X;T,0A= A}, {Y;AT = A},
S{X;T,0A= AL (Y[ = A7),

Lo (1)

Side condition (I): there is an A-path from w to v.

S{X;T = A [0;0= 0]}
S{X;T = A}

Rp
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“-!I Propagation Rules and Graphs
Unibo

m Propagation rules

1. Nested sequent ~» Propagation graph
2. Path-axioms & domain conditions ~» Formal grammars
3. Accepted string ~» Rule application

m Propagation graphs
S1,[S2], [S5]

w oow
o M o
oy e
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“-!I Propagation Rule Example
Unibo

If Ais5 then g(A) = {0 — 40,6 — 6O}

=T, [A=],[DA=]
=T, [=],[0A =]
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“-!I Propagation Rule Example
Unibo

If Ais5 then g(A) = {0 — 40,6 — 6O}

=TA=LPA=] |

=T, [:>]7 [DA :>] o 4 N ) RN
g , . ’ “§
A=| . |DA =
u

1. Premise ~» propagation graph
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“-!I Propagation Rule Example
Unibo

If Ais5then g(A) ={0 — 40,4 — O}

= MA=][0AS]

v ¢ | 0 J
. [0A=
7]

1. Premise ~» propagation graph
2. <& implies a certain path
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“-!I Propagation Rule Example
Unibo

If Ais5 then g(A) = {0 — 40,6 — 6O}

= NA=][0AS]

= rv[:>]a [DA é] /”‘ '

1. Premise ~» propagation graph
2. <& implies a certain path

3. Apply rule

25/39



“-!I Nice Properties |
Unibo

1) Height-Preserving Admissibility:

S{X:T = A} S{X;T = A}
SIX:M,T= A5} SX;T=a,vn=sp &
s S{XGT = A,V — AL [Z:Th = A}
S M
= [5] Nee SIXiT= D[V, 211,11 = Ay, Aoy ree
S{X;T,A A= A} S{X;T = A, A A}
sxirA=ay b TSxXir= A A
S{X:T = A} SXxxl =8}

S{X,x;T = A} S{X,x;T = A}

26/39



“-!I Nice Properties Il
Unibo

1) Height-Preserving Admissibility:

S{X,z;T = Ao {X,z;[" = A'}, S{X,z;T = A} {X,z;[" = A'},
S(X.zT = A X T = &), Pf SIXiT= A (X.zT = A,

SideC: v is forward S4 U A-reachable from w & (C)BF € A.

27/39



“-!I Nice Properties Il
Unibo

1) Height-Preserving Admissibility:
S{X,z;T = Ao {X,z;[" = A'}, S{X,z;T = A} {X,z;[" = A'},
S{X,ziT = A} {X;T' = A"}, cbf S{X;T = AL X, 2T = AT},

SideC: v is forward S4 U A-reachable from w & (C)BF € A.
S{X,z;T = A}
S{X;IT = A}

ui

27/39



“-!I Nice Properties Il
Unibo

1) Height-Preserving Admissibility:
S{X,z;T = Ao {X,z;[" = A'}, S{X,z;T = A} {X,z;[" = A'},
SX. T = A X = A, P SIXiT= A X,z = A7},

SideC: v is forward S4 U A-reachable from w & (C)BF € A.
S{X,z;T = A}
S{X;IT = A}

ui

S{X;T = A [STw{Y; =T},
S{X;T=AL{(V;N=X)0 S},

Side condition: there is a A-path from w to v (same as rule LO).

s(A)

Definition (Fusion operator ®)
f S = Y.lM=5[S]....[S)

then (X;T=A)0S8 = X,V;N,F =A%, [S]. . [S)]
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“-!I Nice Properties Il
Unibo

2) Hp-invertible Logical Rules
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“-!I Nice Properties Il
Unibo

2) Hp-invertible Logical Rules
3) Syntactic Cut-Elimination:
S{X;T = A A} S{XAT=A}
S{X;T = A}

Cut

Proof sketch.

m If A=VxB is principal we use the hp-admissible rules cbf, bf,
and ui.

m If A= OB is principal we use the hp-admissible rule s(.A)
S{X:T = A, [= BIH{Y;N =1}, S{X;0B,T = A}, {Y;B,N=T3},
SXiT= B8,0B}{Y:N=5%}, 0 S{X;0B,T= A}, (YN =1,
SIX:;T= AN {Y.N=1},

S{X;T = A,[= Bl},{Y;N=1X}, S(A) Dy Dy
SIX;T= A}, {Y:N= %8}, SIX:T = Alw{Y: BN = T},
SIX;iT= A} {Y.N= 5}, Cut e /30




“-!I Nice properties IV
Unibo

4) Soundness & completeness

5) Modularity/analyticity
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Definite descriptions
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“-!I Scoping non-rigid (and non-denoting) terms
Unibo

m The sentence

It is necessary that the president of US is a citizen of US. )

Is ambiguous between two readings:

m Joe Biden is necessarily a US-citizen.

m It is necessary that the US-president, whoever he actually is, is
a US-citizen
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“-!I Scoping non-rigid (and non-denoting) terms
Unibo

m The sentence

It is necessary that the president of US is a citizen of US. )

Is ambiguous between two readings:

m Joe Biden is necessarily a US-citizen.

m It is necessary that the US-president, whoever he actually is, is
a US-citizen

m Its formal counterpart OCitizenys(71x.Presys(x)) has only one
reading.

m Following [FM98,FM23], we use X to disambiguate:

m (\y.OCitizenys(y))(2x.Presys(x))
= O(((Ay.Citizenys(y))(1x.Presys(x)))

31/39



Unibo

m Terms:

t o= x| 1x.A(x) J

weight of terms:  w(x) =0, w(1x.A) = w(A) +1

m Formulas:

A=R(x1,....,xn) | x=y | L| ADA| VXA | DA | (Ax.A)(t) J

weight of A-formulas:  w((Ax.A)(t)) = w(A) + w(t) +1

32/39



M! Semantics of 7 and \
Unibo

m (Partial) denotation of a 7-term:

V(ix.A,w) =0 iff 3lo’ € Dy(w - A(d') and o’ =o0) |
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“-!I Semantics of 7 and \
Unibo

m (Partial) denotation of a 7-term:

V(ix.A,w) =0 iff 3lo’ € Dy(w - A(d') and o’ =o0) J

m Truth for \:

w IF (Ax.A)(t) iff  Jo € Dyw(V(t,w) =0 and w i A(0))

y

Lemma (Denotation in the object language)
w Ik (Ay.y = x)(t) iff @w(t and x denote the same object)?

Variables (rigidly) denote at each world: IF (Ay.y = y)(x).

33/39



“-!I Denotation formulas in nested sequents
Unibo

m We extend the language with denotation formulas: t &~ x
meaning that x (locally) denotes the same object of t.

m A Flat sequent now has shape:
Xi~n =~ A

where =; is a multiset of denotation formulas.
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“-!I Denotation formulas in nested sequents
Unibo

m We extend the language with denotation formulas: t &~ x
meaning that x (locally) denotes the same object of t.

m A Flat sequent now has shape:
Xi~n =~ A

where =; is a multiset of denotation formulas.
m A nested sequent:  X;=1;I = =3, A, [S1],- - -, [Sm]

m lts formula interpretation:

/\ EXN /\ Ay.y = x)(t)/\/\ AD V (Ay.y = z)(s)V v Bv \/ Dfn(S;)

x€X (t~x)E™T Aer (s~z)em; Bea  1<i<m

34/39



“-!I Rules for denotation formulas: variables
Unibo

m New initial sequents: S{X;=1,y = x;l = =3,y =~ x; A}
m Rules for variables:

S{X;=mi,x=x; T = =5 A}
S{X;=; T == A}

Den,

S{XimLy m xy =x, ==~ A} | a
S{X; =1,y = x;T = =3, A} e

S{X;= T ==y~ xy =x,A}
S{X;=1,T ==,y ~ x; A}

R =~
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“-!I Rules for denotation formulas: 7-terms
Unibo

m Denotation for 7-terms:

V(1x.A,w) = o iff wlir A(o) and Vo' € Dyy(w I- A(o') Do = O)J
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“-!I Rules for denotation formulas: 7-terms
Unibo

m Denotation for 7-terms:

V(1x.A,w) = o iff wlir A(o) and Vo' € Dyy(w I- A(o') Do = O)J

m Rules for 1-terms (obtained from the above clause)

S{X;=1,1x. A=y, Aly/x),T = =3; A} .
S{X;%_I,7X.A%y;r:>%_2;A} ~1

S{X;=1, i xAxy, I ==, A A(z/x)} S{XimL,xAxy,z=y, =~ A} L
S{X; =1, 1x. A~ y; I ==y, A} ~2

S{Xi=nTl == A A(y/x)} S{X =T, Al(z/x) = =2 A,z = y}
S{X;= T = =g, 1x. A~ y, A}

R =, z fresh

36/39



Rules for A-formulas
Unibo

m Truth for A-formulas:

wiF AxA)t)  iff Jo e Dy(V(t,w) =0 and w Ik A(o)) J
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Rules for A-formulas
Unibo

m Truth for A-formulas:

wiF AxA)t)  iff Jo e Dy(V(t,w) =0 and w Ik A(o)) J

m Rules for \!

S{X;=1,t ~ z;A(z/x),T = =5, A}
S{X; =1, M\ A)(t),T = =5 A}

L), z fresh

S{X;mLT =", t ~ v A, QAN S{X; =0T = =2 A, (Ax.A) (1), A(y/x)} oA
S{X;=1; T == A, (Ax.A)(t)}

1Similar to those for 3
37/39



“-!I Main results (wip)
Unibo

m All (hp-)admissibility results of calculi without 7, A;

m Weakening and contraction of denotation formulas are
hp-admissible;

m The rules for &~ and A are hp-invertible;

m Soundness and completeness.
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Unibo

Generalize to Cover Wider Classes of Logics
m Bigger Class of Frame Conditions

Prove nice properties (CIP, decidable fragments...)

Relationships with Other Calculi, e.g. Labelled and axiomatic

Thanks!
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