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Bisequent Calculus (BSC).
Neutral Free Logic (NFL) in the characterisation of Pavlović and
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BSC for NFL with identity and DD.
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Free Logic

General characterisation:

Free logics:

come from different sources (philosophical logic, constructive
mathematics, computer science);
appear under many names (logics of existence [Scott 1970,
Troelstra and van Dalen 1988], logics of definedness [Feferman
1995], or logics of partial terms [Beeson 1985]);
find multiple applications (in modal logics [Garson 2006],
paraconsistent logics [Priest 2001]).

The main feature: singular terms are free from existential
assumptions, i.e. they are not assumed to denote an existing object.
On the other hand, in all logics under consideration quantifiers are
assumed to have an existential import.
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Free Logic

Types of Freedom:

Two criteria:
I Evaluation of atomic formulae with nondenoting terms:

1 positive logics – they may be true;
2 negative logics – all such formulae are evaluated as false (or, to

the same effect, all primitive predicates and functions are strict,
i.e. interpreted only on denoting terms);

3 neutral free logics (strictly Fregean logic) – no truth value (or the
third true value, a gap).

II Domains:
1 inclusive logics – admitting empty domains (universally free

logics);
2 noninclusive – no empty domains.
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Free Logic

Neutral Free Logic in general:

(E∃I) α[x/t] ∧ Et→ ∃xα
(E∃E) if ` α ∧ Ex→ β, then ` ∃xα→ β, where x is not free in β
(E∀I) if ` β ∧ Ex→ α, then ` β → ∀xα, where x is not free in β
(E∀E) ∀xα ∧ Et→ α[x/t]

(DP ) Rnt1 . . . tn → Et1 ∧ . . . ∧ Etn
(NDP ) ¬Rnt1 . . . tn → Et1 ∧ . . . ∧ Etn
(R′) Et→ t = t.
(LP ) t1 = t2 ∧ α[x/t1]→ α[x/t2].
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Free Logic

Neutral Free Logic – variations:

Several possible choices:
1 interpretation of connectives e.g. strong Kleene’s or weak

Kleene’s operations;
2 the choice of designated truth-values;
3 definition of consequence relation e.g. non-falsity preserving,

truth-preserving;
4 interpretation of quantifiers;
5 interpretation of identity.
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Free Logic

Neutral Free Logic – variations:

Logics on the basis of a set of designated values can be divided into
two groups:

1 1-logics: with one designated value 1;
2 2-logics: with two designated values 1, u.

The entailment relation in the logic L is defined as follows:

Γ |=L α iff for any homomorphism h: if h(Γ) ⊆ D, then h(α) ∈ D,
where D = {1} or D = {1, u}.

For example on the basis of the strong Kleene’s algebra we obtain two
logics:
paracomplete K3 – the 1-logic;
paraconsistent LP – the 2-logic.
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Free Logic

Neutral Free Logic:

Few concrete approaches:
1 Woodruff 1970 – natural deduction system;
2 Lehmann 1994 – tableau system;
3 Pavlović and Gratzl 2023 – cut-free sequent calculus;
4 Indrzejczak and Petrukhin 2024 – extension of Pavlović and

Gratzl 2023 with identity and definite descriptions (DD).
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Free Logic

The Minimal Theory of DD:

The theories of DD in positive or negative free logics are usually
based on Lambert axiom (L):

∀y(y = ıxα↔ ∀x(α↔ y = x)) (L)

In NFL, to avoid using ↔, which considerably complicate the set of
required rules and proofs in the setting of Kleene’s logic, we will use
instead two axioms which together express the same minimal theory
of DD:

∀y(y = ıxα→ α[x/y] ∧ ∀x(α→ y = x)) (L→)
∀y(α[x/y] ∧ ∀x(α→ y = x)→ y = ıxα) (L←)

Moreover, we add a restriction: ıxα contains no other DD inside.
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Neutral Free Logic

Semantics:

A neutral structure Snt is a pair 〈D, I〉, where D = a1, . . . , b1, . . . is a
countable list of free individual variables, and I is an interpretation
function on L

I(t) = t, where t ∈ D
I(E) ⊆ D,
I(=) = Ref ∪ Id, closed under symmetry and transitivity, where

Ref = {〈t, t〉 | t ∈ I(E)},
Id ⊆ I(E)× I(E),

I(Pn) ⊆ I(E)n such that if 〈s, t〉 ∈ I(=), then
〈. . . , si, . . .〉 ∈ I(Pn) iff 〈. . . , ti, . . .〉 ∈ I(Pn), for any n and any
1 6 i 6 n.

Note that identity is in principle treated as other predicates but it
cannot be defined in this way since domains of models contain just
parameters, so it should be defined as a condition on models like in
Pavlović and Gratzl 2021.
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Neutral Free Logic

Semantics:

In case I(ıxα) = a, for some a ∈ I(E), we say that ıxα is defined and
assume that it satisfies the following condition:

I(ıxα) =

{
a iff Vi(α[x/a]) = 1 and Vi(α[x/b]) = 0 for every a 6= b ∈ I(E);
otherwise it is undefined.
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Neutral Free Logic

Semantics – common clauses:

Vi is for Vw [weak] and Vs [strong] truth-value assignment on the
structure 〈D, I〉, defined as follows:

Vi(Et) =

{
1 iff t ∈ I(E),
0 iff otherwise; (1)

Vi(Pn(t1, . . . , tn)) =

 1 iff 〈t1, . . . , tn〉 ∈ I(Pn),
u iff for some 1 6 i 6 n, ti 6∈ I(E),
0 iff otherwise;

(2)

Vi(¬α) =

 1 iff Vw(α) = 0,
u iff Vw(α) = u,
0 iff Vw(α) = 1;

(3)

Vi(∀xα) =

 1 iff for every t ∈ I(E),Vw(α[x/t]) = 1,
0 iff for some t ∈ I(E),Vw(α[x/t]) = 0,
u iff otherwise.

(4)
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Neutral Free Logic

Semantics – different clauses:

Weak valuation Vw:

Vw(α ∧ β) =

 1 iff Vw(α) = 1 and Vw(β) = 1,
u iff Vw(α) = u or Vw(β) = u,
0 iff otherwise;

(5)

Vw(α→ β) =

 0 iff Vw(α) = 1 and Vw(β) = 0,
u iff Vw(α) = u or Vw(β) = u,
1 iff otherwise;

(6)

Strong valuation Vs:

Vs(α ∧ β) =

 0 iff Vs(α) = 0 or Vs(β) = 0,
1 iff Vs(α) = 1 and Vs(β) = 1,
u iff otherwise.

(7)

Vs(α→ β) =

 0 iff Vs(α) = 1 and Vs(β) = 0,
1 iff Vs(α) = 0 or Vs(β) = 1,
u iff otherwise.

(8)
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Bisequent Calculus

Bisequent calculus (BSC) is a slight generalization of ordinary
sequent calculus being a particular case of hypersequent calculus
and nested sequent calculus.
BSC is purely syntactical calculus using pairs of ordinary
sequents.
BSC was already succesfully applied to:

first-order modal logic S5: A. Indrzejczak, Two is Enough —
Bisequent Calculus for S5, FroCoS, Springer 2019.
four-valued quasi-relevant propositional logics: A. Indrzejczak,
Bisequent Calculus for Four-Valued Quasi-Relevant Logics; Cut
Elimination and Interpolation. JAR 2023.
three-valued propositional logics: A. Indrzejczak and Y.
Petrukhin, A Uniform Formalisation of Three-Valued Logics in
Bisequent Calculus. CADE-29, Springer 2024.
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Bisequent Calculus

In contrast to other formalizations of many-valued logics we do
not need to use labels and any other semantic elements.

As a consequence, BSC satisfies ordinary subformula property
and purity conditions, i.e. in schemata of rules only one
(occurrence of a) connective is involved.
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Bisequent Calculus

Bisequents in BSC are ordered pairs of sequents Γ⇒ ∆ | Π⇒ Σ,
where Γ,∆,Π,Σ are finite (possibly empty) multisets of formulae.

A bisequent Γ⇒ ∆ | Π⇒ Σ corresponds to a non-standard
sequent Γ; Π⇒ ∆; Σ used by Pavlović and Gratzl.
We will call the elements of a bisequent:

1-sequent (Γ⇒ ∆, corresponds to the consequence relation in
1-logics) and
2-sequent (Π⇒ Σ, corresponds to the consequence relation in
2-logics).
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Bisequent Calculus

Induced interpretation of bisequents:
Γ⇒ ∆ | Π⇒ Σ is falsified by V i iff all elements of Γ are true, all
elements of ∆ are either false or undefined, all elements of Π are
either true or undefined and all elements of Σ are false.

BSC-NFL is 1-logic; it holds: ` Γ⇒ α | ⇒ iff Γ |= α.
BSC-NFL is 2-logic; it holds: ` ⇒ | Π⇒ β iff Π |= β.
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BSC for Neutral Free Logic

Axioms and common propositional rules:

A bisequent Γ⇒ ∆ | Π⇒ Σ is axiomatic iff for some atomic formula
ϕ (including identities and Et), either ϕ ∈ Γ ∩ Σ or ϕ ∈ Γ ∩∆ or
ϕ ∈ Π ∩ Σ. Moreover, bisequents of the form
Et1, . . . , Etn,Γ⇒ ∆, P (t1, . . . , tn) | P (t1, . . . , tn),Π⇒ Σ are also
axiomatic.

(¬⇒|) Γ⇒ ∆ | Π⇒ Σ, α

¬α,Γ⇒ ∆ | Π⇒ Σ
(⇒¬ |) Γ⇒ ∆ | α,Π⇒ Σ

Γ⇒ ∆,¬α | Π⇒ Σ

(| ¬⇒)
Γ⇒ ∆, α | Π⇒ Σ

Γ⇒ ∆ | ¬α,Π⇒ Σ
(|⇒¬)

α,Γ⇒ ∆ | Π⇒ Σ

Γ⇒ ∆ | Π⇒ Σ,¬α
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BSC for Neutral Free Logic

Propositional rules specific for strong Kleene’s connectives:

(∧⇒|) α, β,Γ⇒ ∆ | S
α ∧ β,Γ⇒ ∆ | S

(⇒∧ |) Γ⇒ ∆, α | S Γ⇒ ∆, β | S
Γ⇒ ∆, α ∧ β | S

(| ∧⇒)
S | α, β,Γ⇒ ∆

S | α ∧ β,Γ⇒ ∆
(|⇒∧)

S | Γ⇒ ∆, α S | Γ⇒ ∆, β

S | Γ⇒ ∆, α ∧ β

(⇒→ |) Γ⇒ ∆, β | α,Π⇒ Σ

Γ⇒ ∆, α→ β | Π⇒ Σ

(→⇒ |) Γ⇒ ∆ | Π⇒ Σ, α β,Γ⇒ ∆ | Π⇒ Σ

α→ β,Γ⇒ ∆ | Π⇒ Σ

(|⇒→)
α,Γ⇒ ∆ | Π⇒ Σ, β

Γ⇒ ∆ | Π⇒ Σ, α→ β

(|→⇒)
Γ⇒ ∆, α | Π⇒ Σ Γ⇒ ∆ | β,Π⇒ Σ

Γ⇒ ∆ | α→ β,Π⇒ Σ

Andrzej Indrzejczak; Yaroslav Petrukhin Bisequent Calculi for Neutral Free Logic with Definite Descriptions



BSC for Neutral Free Logic

Propositional rules specific for strong Kleene’s connectives:

(∧⇒|) α, β,Γ⇒ ∆ | S
α ∧ β,Γ⇒ ∆ | S

(⇒∧ |) Γ⇒ ∆, α | S Γ⇒ ∆, β | S
Γ⇒ ∆, α ∧ β | S

(| ∧⇒)
S | α, β,Γ⇒ ∆

S | α ∧ β,Γ⇒ ∆
(|⇒∧)

S | Γ⇒ ∆, α S | Γ⇒ ∆, β

S | Γ⇒ ∆, α ∧ β

(⇒→ |) Γ⇒ ∆, β | α,Π⇒ Σ

Γ⇒ ∆, α→ β | Π⇒ Σ

(→⇒ |) Γ⇒ ∆ | Π⇒ Σ, α β,Γ⇒ ∆ | Π⇒ Σ

α→ β,Γ⇒ ∆ | Π⇒ Σ

(|⇒→)
α,Γ⇒ ∆ | Π⇒ Σ, β

Γ⇒ ∆ | Π⇒ Σ, α→ β

(|→⇒)
Γ⇒ ∆, α | Π⇒ Σ Γ⇒ ∆ | β,Π⇒ Σ

Γ⇒ ∆ | α→ β,Π⇒ Σ

Andrzej Indrzejczak; Yaroslav Petrukhin Bisequent Calculi for Neutral Free Logic with Definite Descriptions



BSC for Neutral Free Logic

Propositional rules specific for weak Kleene’s connectives:

(| ∧w⇒)
Γ⇒ ∆ | α, β,Π⇒ Σ Γ⇒ ∆, α | α,Π⇒ Σ Γ⇒ ∆, β | β,Π⇒ Σ

Γ⇒ ∆ | α ∧ β,Π⇒ Σ

(|⇒∧w)
Γ⇒ ∆ | Π⇒ Σ, α, β α,Γ⇒ ∆ | Π⇒ Σ, β β,Γ⇒ ∆ | Π⇒ Σ, α

Γ⇒ ∆ | Π⇒ Σ, α ∧ β

(⇒→w |)

Γ⇒ ∆, β | α,Π⇒ Σ Γ⇒ ∆, α | α,Π⇒ Σ Γ⇒ ∆, β | β,Π⇒ Σ

Γ⇒ ∆, α→ β | Π⇒ Σ

(→w⇒ |)

α, β,Γ⇒ ∆ | Π⇒ Σ Γ⇒ ∆ | Π⇒ Σ, α, β β,Γ⇒ ∆ | Π⇒ Σ, α

α→ β,Γ⇒ ∆ | Π⇒ Σ
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BSC for Neutral Free Logic

Rules for quantifiers:

(⇒∀ |)
Ea,Γ⇒ ∆, α[x/a] | S

Γ⇒ ∆, ∀xα | S
(|⇒∀)

Ea,Γ⇒ ∆ | Π⇒ Σ, α[x/a]

Γ⇒ ∆ | Π⇒ Σ, ∀xα

(∀⇒|)
Eb, ∀xα, α[x/b],Γ⇒ ∆ | S

Eb, ∀xα,Γ⇒ ∆ | S
(|∀⇒)

Eb,Γ⇒ ∆ | ∀xα, α[x/b],Π⇒ Σ

Eb,Γ⇒ ∆ | ∀xα,Π⇒ Σ

where a is fresh and b, bi are arbitrary parameters.
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BSC for Neutral Free Logic

Rules for existence predicate:

(E⇒|)
Et, P [t],Γ⇒ ∆ | S
P [t],Γ⇒ ∆ | S

(|⇒E)
Et,Γ⇒ ∆ | Π⇒ Σ, P [t]

Γ⇒ ∆ | Π⇒ Σ, P [t]

(|E⇒)
Et1, . . . , Etn, P (t1, . . . , tn),Γ⇒ ∆ | Π⇒ Σ

Et1, . . . , Etn,Γ⇒ ∆ | P (t1, . . . , tn),Π⇒ Σ

(⇒E|)
Et1, . . . , Etn,Γ⇒ ∆ | Π⇒ Σ, P (t1, . . . , tn)

Et1, . . . , Etn,Γ⇒ ∆, P (t1, . . . , tn) | Π⇒ Σ

(ETr1)
Et,Γ⇒ ∆ | Π⇒ Σ

Γ⇒ ∆ | Et,Π⇒ Σ
(ETr2)

Γ⇒ ∆ | Π⇒ Σ, Et

Γ⇒ ∆, Et | Π⇒ Σ

Both P [t] and P (t1, . . . , tn) denote atoms or identities but not Et, moreover
identities of the form b = d are excluded (we have different rules for them). In P [t]
there is at least one occurrence of t and there may be other terms; in P (t1, . . . , tn)
there are no other terms.
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BSC for Neutral Free Logic

Rules for identity:
(| ⇒ =)
Γ⇒ ∆ | Π⇒ Σ, t ≈ s Γ⇒ ∆ | Π⇒ Σ, A[x/t] A[x/s],Γ⇒ ∆ | Π⇒ Σ

Γ⇒ ∆ | Π⇒ Σ

(=⇒ |)
t = t, Et,Γ⇒ ∆ | Π⇒ Σ

Et,Γ⇒ ∆ | Π⇒ Σ
(Eı⇒ |)

a = d,Ed,Γ⇒ ∆ | Π⇒ Σ

Ed,Γ⇒ ∆ | Π⇒ Σ

where A[x/t] is an atom, or identity or Et, t ≈ s denotes either t = s or s = t, a is
a fresh parameter and d is an arbitrary description.
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BSC for Neutral Free Logic

Rules for DD (where a is a fresh parameter and ıxα contains no other
DD inside):

(ı⇒| 1)
α[x/c], c = ıxα,Ec,Γ⇒ ∆ | S

c = ıxα,Ec,Γ⇒ ∆ | S

(| ı⇒ 1)
Ec,Γ⇒ ∆ | α[x/c], c = ıxα,Π⇒ Σ

Ec,Γ⇒ ∆ | c = ıxα,Π⇒ Σ

(ı⇒| 2)
c = ıxα,Eb,Ec,Γ⇒ ∆ | Π⇒ Σ, α[x/b] b = c, c = ıxα,Eb,Ec,Γ⇒ ∆ | Π⇒ Σ

c = ıxα,Eb,Ec,Γ⇒ ∆ | Π⇒ Σ

(| ı⇒ 2)
Eb,Ec,Γ⇒ ∆, α[x/b] | c = ıxα,Π⇒ Σ Eb,Ec,Γ⇒ ∆ | b = c, c = ıxα,Π⇒ Σ

Eb,Ec,Γ⇒ ∆ | c = ıxα,Π⇒ Σ

(|⇒ ı)
Ec,Γ⇒ ∆ | Π⇒ Σ, α[x/c] Ea,Ec, α[x/a],Γ⇒ ∆ | Π⇒ Σ, a = c

Ec,Γ⇒ ∆ | Π⇒ Σ, c = ıxα,

(⇒ ı |)
Ec,Γ⇒ ∆, α[x/c] | Π⇒ Σ Ea,Ec,Γ⇒ ∆, a = c | α[x/a],Π⇒ Σ

Ec,Γ⇒ ∆, c = ıxα | Π⇒ Σ
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BSC for Neutral Free Logic

Some results:

Theorem (Substitution)

If `n Γ⇒ ∆ | Θ⇒ Λ is derivable (where n denotes derivability with height
bounded by n), then the sequent `n Γ[b/c]⇒ ∆[b/c] | Θ[b/c]⇒ Λ[b/c] is likewise
derivable.

By induction on the height of the proof. Note that it is restricted to
parameters.

Theorem (Leibniz Law)

For any formula α, it holds that ` t1 = t2, α[x/t1]⇒ α[x/t2] | S.

By induction on the complexity of α.
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BSC for Neutral Free Logic

Theorem (Soundness)

For any bisequent B, if ` B, then |= B.

Theorem (Validity of Lambert axioms)

(L→) and (L←) are valid in K3 and Kw
3 .
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BSC for Neutral Free Logic

Lambert Axiom in BSC-NFL:
The proof of L← in strong Kleene logic is as follows, where B stands for provable
Ea⇒ α[x/a] | α[x/a]⇒:

B

Eb⇒ α[x/b] | α[x/b]⇒ Ea,Eb⇒ a = b | a = b⇒
(|→⇒)

Ea,Eb⇒ a = b | α[x/b], α[x/b]→ a = b⇒
(| ∀ ⇒)

Ea,Eb⇒ a = b | α[x/b], ∀x(α→ a = x)⇒
(⇒ ı |)

Ea⇒ a = ıxα | α[x/a], ∀x(α→ a = x)⇒
(| ∧ ⇒)

Ea⇒ a = ıxα | α[x/a] ∧ ∀x(α→ a = x)⇒
(⇒→|)

Ea⇒ α[x/a] ∧ ∀x(α→ a = x)→ a = ıxα |⇒
(⇒ ∀ |)

⇒ ∀y(α[x/y] ∧ ∀x(α→ y = x)→ y = ıxα) |⇒
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BSC for Neutral Free Logic

Lambert Axiom in BSC-NFL:
Let D stands for the following proof:

Ea⇒ α[x/a] | α[x/a]⇒
(| ı⇒ 1)

Ea⇒ α[x/a] | a = ıxα⇒

Then:

D

Eb⇒ α[x/b] | α[x/b]⇒ Ea,Eb⇒ a = b | a = b⇒
(| ı⇒ 2)

Ea,Eb⇒ a = b | α[x/b], a = ıxα⇒
(⇒→|)

Ea,Eb⇒ α[x/b]→ a = b | a = ıxα⇒
(⇒ ∀ |)

Ea⇒ ∀x(α→ a = x) | a = ıxα⇒
(⇒ ∧ |)

Ea⇒ α[x/a] ∧ ∀x(α→ a = x) | a = ıxα⇒
(⇒→|)

Ea⇒ a = ıxα→ α[x/a] ∧ ∀x(α→ a = x) |⇒
(⇒ ∀ |)

⇒ ∀y(y = ıxα→ α[x/y] ∧ ∀x(α→ y = x)) |⇒
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BSC for Neutral Free Logic

Lambert Axiom in BSC-NFL
All rules for DD are derivable if we use (L→) or (L←) as additional
axioms and use cuts which will be proved admissible in the next
section.

Theorem (Completeness)

For any bisequent B, if |= B, then ` B.
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Cut Admissibility

Preliminary results:

Theorem (Generalisation of axioms)

For any formula α, the following bisequents are derivable:
1 α,Γ⇒ ∆ | Π⇒ Σ, α,
2 α,Γ⇒ ∆, α | Π⇒ Σ,
3 Γ⇒ ∆ | α,Π⇒ Σ, α,
4 Et1, . . . , Etn,Γ⇒ ∆, α(t1, . . . , tn) | α(t1, . . . , tn),Π⇒ Σ.

By induction on the complexity of α.

Theorem (Invertibility)

All the rules of the bisequent calculi in question are height-preserving
invertible.

By induction on the height of the derivation, using Substitution
Theorem.
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By induction on the height of the derivation, using Substitution
Theorem.
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Cut Admissibility

Preliminary results:

Theorem (Admissibility of structural rules)

Structural rules of weakening and contraction are height-preserving
admissible.

(W⇒|) Γ⇒ ∆ | S
α,Γ⇒ ∆ | S

(⇒W |) Γ⇒ ∆ | S
Γ⇒ ∆, α | S

(|W⇒)
S | Π⇒ Σ

S | α,Π⇒ Σ
(|⇒W )

S | Π⇒ Σ

S | Π⇒ Σ, α

(C⇒|) α, α,Γ⇒ ∆ | S
α,Γ⇒ ∆ | S

(⇒C |) Γ⇒ ∆, α, α | S
Γ⇒ ∆, α | S

(| C⇒)
S | α, α,Π⇒ Σ

S | α,Π⇒ Σ
(|⇒C)

S | Π⇒ Σ, α, α

S | Π⇒ Σ, α
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Cut Admissibility

Preliminary results:

Theorem (Transfer)

The following rules are height-preserving admissible:

(LTr)
Γ⇒ ∆ | α,Π⇒ Σ

α,Γ⇒ ∆ | Π⇒ Σ
(RTr)

Γ⇒ ∆, α | Π⇒ Σ
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Andrzej Indrzejczak; Yaroslav Petrukhin Bisequent Calculi for Neutral Free Logic with Definite Descriptions



Cut Admissibility

Preliminary results:

Theorem (Transfer)

The following rules are height-preserving admissible:

(LTr)
Γ⇒ ∆ | α,Π⇒ Σ

α,Γ⇒ ∆ | Π⇒ Σ
(RTr)

Γ⇒ ∆, α | Π⇒ Σ

Γ⇒ ∆ | Π⇒ Σ, α

Andrzej Indrzejczak; Yaroslav Petrukhin Bisequent Calculi for Neutral Free Logic with Definite Descriptions



Cut Admissibility

Forms of Cut:

(E-Cut)
Γ⇒ ∆ | Λ⇒ Θ, Et Et,Π⇒ Σ | Ξ⇒ Ω

Γ,Π⇒ ∆,Σ | Λ,Ξ⇒ Θ,Ω

(L-Cut)
Et1, . . . , Etn,Γ⇒ ∆ | Λ⇒ Θ, P (t1, . . . , tn) Et1, . . . , Etn, P (t1, . . . , tn),Π⇒ Σ | Ξ⇒ Ω

Et1, . . . , EtnΓ,Π⇒ ∆,Σ | Λ,Ξ⇒ Θ,Ω

(O-Cut)
Γ⇒ ∆, α | Λ⇒ Θ α,Π⇒ Σ | Ξ⇒ Ω

Γ,Π⇒ ∆,Σ | Λ,Ξ⇒ Θ,Ω

(I-Cut)
Γ⇒ ∆ | Λ⇒ Θ, α Π⇒ Σ | α,Ξ⇒ Ω

Γ,Π⇒ ∆,Σ | Λ,Ξ⇒ Θ,Ω

(R-Cut)
Γ⇒ ∆ | α,Λ⇒ Θ Π⇒ Σ, α | Ξ⇒ Ω

Γ,Π⇒ ∆,Σ | Λ,Ξ⇒ Θ,Ω

(3-Cut)
α,Γ1 ⇒ ∆1 | Λ1 ⇒ Θ1 Γ2 ⇒ ∆2 | Λ2 ⇒ Θ2, α Γ3 ⇒ ∆3, α | α,Λ3 ⇒ Θ3

Γ1,Γ2,Γ3 ⇒ ∆1,∆2,∆3 | Λ1,Λ2,Λ3 ⇒ Θ1,Θ2,Θ3
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Cut Admissibility

Hypothesis: Two cuts are enough.

(O-Cut)
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Cut Admissibility

The main result:

Theorem (Cut admissibility)

The rules (E-Cut), (L-Cut), (O-Cut), (I-Cut), (R-Cut), (3-Cut) are
admissible.

Proved simultaneously by double induction on the complexity of the
cut formula and on the height of the cut (the sum of heights of
premises of cut).
Proof in Pavlović and Gratzl 2023; extended to identity and DD by
Indrzejczak and Petrukhin 2024.
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Extensions and Open Problems

In the current version of the rules for DD, ιxα contains no other
DD. A natural task is to modify the rules for DD in such a way
that ιxα may contain other DD.
Check the ‘Two cuts hypothesis’.
We considered the logics determined by the relations which
express informally the situation where either truth is preserved or
non-falsity is preserved. But two other possibilities are open as
well:

1 Γ⇒|⇒ β corresponds to the notion of no-counterexample
consequence;

2 ⇒ α | Γ⇒ corresponds to the liberal consequence which leads
from non-falsity to truth.

The application of BSC may be extended also to paraconsistent
versions of neutral free logics and to theories of DD built on
FDE.
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